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(E1, . . . , En)
nMdZb`bWNUlk4dZq2mpU]`d!XŁÊM­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U`noHpNVLXjU+h§]`HX}UWNﬂ]?dZ	¸/UWnoHpNVLXj»)xyXfb`hXZzpiNUMZb`XZqpZNmﬁdyxZNVb	zA^
X ,Y , . . .
	GIHpNVq jXQb`NVnﬂYKb`UWhixjN;U`noHpNVLX
hUIXfqNM[\kpbWNUWUWhdZqdfÛ]WHpN¡dZidyhqpdZb`LHpNVbWN
X1, . . . ,Xn
XZbWNb`NMN*U`noHpNMLXﬁxyXZbWhXfzpNVUµd\nMnﬂYKbWb`hiqK
hq
S, S1, . . . , Sn

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Book where Book = book [ author [String] & title [String] & Ref ],
Ref = ref [ Book∗ ]?
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  ×Û× Ø    ×   Ó  
∅ ` 
Γ `  X 6∈ dom(Γ)
Γ,X : S ` 
GIHpN¦bWNVXf]WhdZq

































Γ ` d : T
Γ ` a[d] : a[T ]
Γ ` d : T
Γ ` d : a[T ]?
Γ ` 








Γ `  : 
Γ ` d1 : S1 Γ ` d2 : S2
Γ ` d1 · d2 : S1, S2
Γ(X ) = S Γ ` d : S
Γ ` d : X
Γ ` d : S
Γ ` d : S | S′
Γ ` d : S′
Γ ` d : S | S′
Γ ` d1 : S, . . . ,Γ ` dn : S
Γ ` d1 · . . . · dn : S∗
Γ,X1 : S1, . . . ,Xn : Sn `  Γ,X1 : S1, . . . ,Xn : Sn ` d : S
Γ ` d : S where X1 = S1, . . . ,Xn = Sn
Γ ` 
Γ ` d : AnyT
d ∈ inter(e1 · . . . · en) Γ ` e1 : E1, . . . ,Γ ` en : En






















hUX{acb`NVUWzpYpb`ZNVb U	dZb`LYKXKXZUWdnVXfiNm  	W­ﬂÊ 
ﬂ«"	/ÐA­	 Ê
ªo©f®pÊ¼¯ 	`Ìy¶·®K¯<  NYKUWN
N,M, . . .
]`db`XZqpZN8dyxZNVbhiqA]`NMZNVbxyXfb`hXZzpNVUXfq2m
n,m, . . .
]Wd7boXfqpjN8dyxZNMb
q2Xy]WYKb`XZÀqAYKLz4NMboUM
  Ó V	)


































φ(X1, . . . , Xp)
XaµbWNUlzpYKbWjNMb  U;djbWL{YpXhi]WHbWNVNﬁhiqA]`NMZNVbxyXfb`hXZzpNVU
X1, . . . , Xp
XZqKmÄNUWHKXfUWhiLkp^Âb`h§]`N
|= φ(n1, . . . , np)
HpNVq
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X!ÊM­M¬{¶ ﬀ ¶·®È­oÌ 	}ÊM­M¯hUX½Kqphi]WN}YpqKhidjq!dZ+hiqKNVXfbUWNﬂ]oUM
L(b, P ) = {b +
∑
i∈1..k






L+M = {x+y x ∈ L, y ∈M}
jXfqKm
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ÇQhxZNVq¦UWdZLNﬁ½KqKh§]`NXZikKHKXfz4Nﬂ]























































(0, . . . , 0, 1, 0, . . . , 0)

GIHpN}a?Xfb`hi¿HLXfkpkphqpdZbnoHKdZhnﬂN*hU;]`HpN}YpqphdZq8dZÛ]WHKN}a	XZbWh¿H!LXZkpkphqpjU
#(reg1 + reg2) = #(reg1) ∪ #(reg2)

GIHpN}a?Xfb`hi¿HLXfkpkphqpdZbUWNV¢AYpNVqA]WhXf nﬂdjLk2dAUlhi]WhdZqhU;]`HpN}k4dZhqj]_hUWN*Xjmpm\hi]WhdZq 


























a1, . . . , ap
z4Nm\hU_]`hiqKnﬂ]:NMNMLNVqj]
ü)ü 32ﬂý54þ







[[(n1, ..., np)]] =   a1[] · ... · a1[]︸ ︷︷ ︸
n1   
	
·... · ap[] · ... · ap[]︸ ︷︷ ︸


















((E1 & · · · & En) | E)
XZqKm
(E1 & · · · &
En & X )







µX .((a1 & a2 & X )|)
hUIXZU`UWdnMhXf]WNm]Wd{]WHpN¡dZb`LYKX






µX .((a1 & a1 & X )|a1)
]Wd]WHpN{dZb`LYKX
∃N.#a1 =













































[[p]] =   (a1[] & ... & a1[]︸ ︷︷ ︸
n1   
	
& ... & ap[] & ... & ap[]︸ ︷︷ ︸
np   
	
)
![[p]] =   µX .( | a1[] & ... & a1[]︸ ︷︷ ︸
n1   
	
& ... & ap[] & ... & ap[]︸ ︷︷ ︸






































































































































































∃N : φ(N) : N1E1 & . . . & NpEp
jNMqpNVb`XZihMNmhqj]`NMb`iNXxhiqp8¸
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]`HpN WÁq^ "cNMLNMqA] !LdmKXfh§]_^j
AnyE
cXfqKmÂX¦nﬂdjqKUl]WboXfhqpNVmdjbWLdfNM[\hUl]WNVqj]`hXZ;¢AYKXZqA]Whi½2nMXf]WhdZq 
∃N : φ(N) : N1E1 & . . . & NpEp
K]WHKXf]:LXy]`noHKNVUm\d\nMYpLNMqA]`U:LXjm\N}df
































∃N : (N > 0) :
NAnyE

















































d |= S, S′
h
(d = d1 · d2) ∧ (d1 |= S) ∧ (d2 |= S′)
d |= S∗
h
(d = )∨(d = d1 · . . . · dp ∧ ∀i ∈ 1..p, di |= S)
d |= ∃N : φ(N) : N1E1 & . . . & NpEp
h
∃n1, . . . , np, ∃(e
j





i |= Ei ∧ |= φ(n1, . . . , np) ∧ d ∈ inter(e
1





























dZb}hqKUl]`Xfq2nﬂNZ »  NXfUWd8mpNﬂ½KqpN]WHpN
qKdf]`Xf]WhdZq












(E1 & . . . & Ep) =   ∃N : (N1 = 1)∧ . . .∧(Np = 1) : N1E1 & . . . & NpEp






collection [ book [ author [String] & title[String] & year [String] ]∗ ]
∧
collection [ ∃N,M : (N = M) :
Nbook [(author [ 
1*qY\]`H
 ] & · · · )]
& Mbook [(author [ 
)XfLk2djbl]
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φ(N1, . . . , Np)
hUXŁacb`NVUWzpYpb`ZNVb U}Xfb`hi]WHpLNﬂ]`hn
djbWL{YpXhq]WHpNQb`NMN}xyXfb`hXZzpNVU















i ∈ 1..n 
]WHpN};dZbom




φ#(qj1 · . . . · qjn)
hUIUWXf]WhU_½KNmÀ4¶ ﬂ·­ ﬂ





































{c, a[ 	 ], b[ 	 ]} 
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©*Ê¼¯Ìf¯­ﬂÊ






→ qs a[qs] → qa (# qa = # qb)∧(# qs > 0) ` (qa + qb)∗ → qs
c→ qs b[qs] → qb





 Ê}Ìf¯;­oÌZªoË®È©VÏj­5 ﬀ ¶ j­ ﬂ© 	­$#AÌf¬² ﬀi­¯·ËK­}¯Ã­	¼¬{Ê
a[] · b[] · b[] · a[]
Ìf®4Ï







True ` Reg(QA) → q
È;NjNﬂ]}ËK­oÏMÐA­Ìy«\¯Ã©y¬Ìy¯ÃÌ s  dZqxZNVb`UWNM^Z2h§Nm\bWdjkŁ]WHKNb`NMZYKXZb:;dZbom
NM[\kpbWNUWUWhdZqXfq2mb`NVUl]Wb`hnﬂ]µ]Wd{bWYKiNUdZÀ]WHpNQdjbWL 




















y     ´×  
Ó $´p ´×  
→A
¸/Gµ^k4NO»
c→A q ∈ R
c→A q
¸´G^Ak4Nﬁ|Z»
d→A q′ n[q′] →A q ∈ R
n[d] →A q
¸/Gµ^k4N}vj»
e1 →A qj1 . . . en →A qjn φ(# q1, . . . ,# qp) ` Reg(QA) →A q ∈ R (n > 2)
qj1 · . . . · qjn ∈ Reg(QA) |= φ#(qj1 · . . . · qjn)


























d → a[c] · b[a[qs] · b[c]] → a[qs] · b[a[qs] · b[c]] → a[qs] · b[a[qs] · b[qs]]
→ qa · b[a[qs] · b[qs]] → qa · b[a[qs] · qb] → qa · b[qa · qb]
?
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¶·¯´Ê Ì 	¼¶ Ë!¬Ìo²Z²4¶·®Ð¶Ê
(1, 1, 0)
ﬂ  ©ﬁ	W­IÐj­M®4­	WÌﬁﬀ ﬀ ±)¯Ëp­QÌy«\¯Ã©y¬Ìy¯Ã©y®
A









 )ù AnyT á´Ü 1Ü_á´âÛß/à;ß/ÚÜ<Ý  -Ý_Ü$Vß ) /	á/Ü)¼Þ ÝoáÛãÀà¼á.QÜHJá/Ü_â<â
 à" (q1 | . . . | qp)∗ 2
ü)ü 32ﬂý54þ



















XfqKZYKXZZNVUV KdZbNﬂ[pXfLkpNZj]WHpNQnﬂdjqKU_]`b`XZhiqKNVmb`YpiN¡hiq "?[pXfLkpN:snVXfqz4N:hqA]WNMb`kpb`Nﬂ]`NVmXZU A¯·ËK­ µ© 	WÏ
q1 · . . . · qn












¸ e_YKUl]I]`Xf¿jN]`HpN¡aµbWNUlzpYKbWjNMb  UnﬂdZq2U_]`b`XZhiqA]
(# qa = # qb)∧(# qb = # qc)
hiq"?[pXfLkpN¡s2 »












































Σ = {a, b}

L = { w1 · w2 · w3 · w4 | w1, w3 ∈ a∗, w2, w4 ∈ b∗,
#a w1 = #b w2 > 1,


















Q = {qa1, qa2, qb1, qb2, qs}

hi]WH
Q  = {qs}
pXZqKm!HKXZU;]`HpN*dZidyhqp½KxjN¡]`b`XZqKUWh§]`hidjq!b`YpNVU
a→ qa1 b→ qb1 a→ qa2 b→ qb2




















































































































λ, µ > 0

qan+λ.k · qbn · qam+µ.l · qbm
GIHpNkpbWddZdf;]WHKhUkpbWdjk2NVbl]_^¦hUﬁUWhLhXfb}]`d8]WHpNkpb`ddfIdf;]WHpN!U_]oXfqKmpXZb`mÉkpYpLkphqpŁNMLLXdZb



















t(n,m) p1 p2 p3 p4
t(n,m) = a · . . . . . . · a · b · . . . · b · a · . . . · a · b · . . . . . . · b
↓ ↓ ↓ ↓ ↓
Ul]`Xf]WNUIbWNXZnoHpNm
q1 q1 q2 q2 q
¸½KqKXZ»
ÛNﬂ]
k = |p2| − |p1|
XZqKm

































n = n0 +k.l
Xfq2m







|Z~ ¨Ì ﬀ Û¶ ﬀ ¶´© ?«ZÐf¶´­
¸lO»




|= φ(n0 +m0 + 2.k.l, n+m)
¾;^kpbWdjk2NVbl]_^É¸_O»XfqKmdZYKb¸NM[A]`NMqKmpNVmK»IkKYpLkphiqKiNVLLXKK;N}HKXxZN*]`HKXy]

















































































True ` (Q ∪ {q⊥})∗, q⊥, (Q ∪ {q⊥})∗ → q⊥

 NM]









































      × Ø +f
 
 ´×    Ø   Ó y Ó f ´× 
ÇQhxZNVq]_;dXfY\]`dZLXy]oX
A = (Q,Q  , R)
XfqKm










A× = (Q×, ∅, R×)
UWYKnoH]`HKXy] 





a→ q ∈ R
XfqKm







n[q] → s ∈ R
XZqKm
n[q′] → s′ ∈ R′
K]WHpNﬁb`YpN






φ ` Reg → q ∈ R
XZqKm
φ′ ` Reg ′ → q′ ∈ R
?]WHpNb`YpiN
φ× `


















































































) = {(q, q′) | q ∈ Q
















) = {(q, q′) | q ∈ Q




































|j| ¨Ì ﬀ Û¶ ﬀ ¶´© ?«ZÐf¶´­








  ×  ×    ´×     °ÈËp­}ªﬀiÌyÊ`Ê*©ﬃ ﬀÌy®AÐZ«KÌMÐA­ﬂÊQÌZªoªo­²È¯­oÏ 
ﬂ±{®4©f® lÏZ­M¯Ã­	¼¬¶·®K¶Ê¼¯<¶´ªÊWËK­`ÌfÍ­ﬂÊQÌf«\¯©f¬Ìf¯Ì¶Ê
®È©y¯Iªﬀi©yÊM­`Ï«\®4Ïj­	ﬁªo©y¬:²%ﬀ­ﬂ¬­ﬂ®2¯Ìf¯/¶´©f®%ﬂ

























C = (Q,C1, C2)
m\NVbWhxZN}]`HpNnﬂdjq\½KZYKb`Xf]WhdZq






























nMdZYpqA]`NMbÁ:i?]`HpNVUWNnﬂdjqKm\hi]WhdZqKU}nVXfqz2Nm\NUWnMbWhz4NVmÉzA^ÉX!aµbWNUlzpYKbWjNMb  U*Xfb`hi]WHpLNﬂ]`hn{djbWL{YpXK  pdZb
hqKUl]`XZqKnﬂNjAnMdZqKUWhmpNMbc]`HpN]`b`XZqKUWh§]`hidjqbWYpN















(C ′2 = C2−1)
h§]`H}]WHKNcdZb`LYKX
(C ′2+1 = C2)





2 = C2 − 1)
ÁÄnﬂdZLkpYp]`Xy]`hidjq}hU)XUWNV¢AYpNMq2nﬂNcdZKnﬂdZqp½KZYpboXy]`hidjqKU




















































































































 (q   , qC1 ,⊥∗, C2,⊥∗)∗,(qQ, qC1 , 1C1∗, qC2 , 1C2∗), (qQ′ , qC1 , 1C′1∗, qC2 , 1C′2∗),































































N1, . . . , Np
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e op f → e′ op f
f → f ′
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φ(# q1, . . . ,# qp) ∧
∧
q/∈Q′
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a→ q ∈ R
 / Ó
QM = QM ∪ {q}
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QM = QM ∪ {q}




nﬂdjqj]oXfhqKUIX{½KqKXf)U_]oXy]WN / Ó bWNM]WYpb`qÉ®È©y¯I­ﬂ¬:²4¯<±









´×     ¹Ê¼¯Ìf¯­
q
¶Ê¡¬Ì 	 j­oÏ






































































	 Û©ﬁ	:­`Ìjª`Ë ﬂ© 	¼¬«"ﬀiÌ
Ψ











































































































































































































































































































































φ ` Reg ∩ RegΨ → QΨ
XfqKm

















































(q11 , . . . , q
1
p) · . . . · (q
m
























































































(q11 , . . . , q
1
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φ∃(M1, . . . ,Mm)
4U`Xy]`hUl½KNmŁz^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ψ ∧φ∃ ` Reg →
QΨ
XfqKm
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L(A) = {d | d : S}
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